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MATT RATHBUN
We show that the monodromy for a genus one, fibered knot can have at most two
monodromy equivalence classes of once-unclean arcs. We use this to classify
all monodromies of genus one, fibered knots that possess once-unclean arcs, all
manifolds containing genus one fibered knots with generalized crossing changes
resulting in another genus one fibered knot, and all generalized crossing changes
between two genus one, fibered knots.
;
1 Introduction
Every closed, orientable 3-manifold contains a fibered knot, a knot whose exterior
fibers over the circle with the knot bounding the fibers. A genus one, fibered knot, or
GOF-knot, is a fibered knot whose fiber is a once-punctured torus.
Morimoto [18] investigated how many GOF-knots are in a lens space, and Baker [2]
completes this investigation by giving a criterion for determining the exact number of
GOF-knots in each lens space.
Baker, Johnson, and Klodginski classify once-punctured torus bundles that have tunnel
number one, showing that they must be knot complements in lens spaces, L(r, 1) [4].
This is equivalent to once-punctured torus bundles with a clean arc. Coward and
Lackenby ([7]) have shown that if a GOF-knot has a clean arc that is alternating, then
there are at most two distinct such arcs, up to monodromy equivalence. In [6], the
authors with Buck and Shimokawa, investigate the related class, once-unclean arcs in
fiber surfaces, and give a geometric characterization of when such arcs arise.
We extend the works of [7] and [4], showing that there are at most two monodromy
equivalence classes of once-unclean arcs in once-punctured torus bundles, and any
once-punctured torus bundle with a once-unclean arc is the complement of a knot in
L(4,±1), L(2, 1)]L(n, 1) (n ∈ Z), or a prism manifold. We classify all monodromies
of such once-punctured torus bundles.
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2 Kai Ishihara and Matt Rathbun
Theorem 1.1 For a once-punctured torus bundle whose monodromy is not freely
isotopic to the identity map, there are at most two monodromy-equivalence classes of
arcs which are once-unclean with respect to the monodromy.
In the case where the monodromy is freely isotopic to the identity, any two non-isotopic
arcs α and β are not monodromy equivalent, however there is an automorphism of
the once-puncture bundle preserving the fiber which sends α to β . Hence all essential
arcs are homeomorphic to each other.
Theorem 1.2 Table 2 gives a complete classification of all monodromies (up to
inverses and conjugation) of once-punctured torus bundles admitting a clean or once-
unclean arc.
Corollary 1.3 For a once-punctured torus bundle, there are at most two homeomor-
phism classes of arcs which are clean or once-unclean with respect to the monodromy.
Moreover, when there are two classes, their representatives can be realized disjointly
on a fiber.
Further, we classify all generalized crossing changes between GOF-knots.
GOF(0; k, `)
−`
−k
GOF(1; m)
−m
0
GOF(−1; m)
0
−m
Figure 1: Families of GOF-knots: For any two integers k and ` , GOF(0; k, `) is obtained
from the Borromean rings by −k and −` surgeries on two components. For any integer m ,
GOF(1; m) is obtained from L8n5 in the Thistlethwaite link table (the mirror image of 839 in the
Rolfsen table) by 0 and −m surgeries on the sub-link that is a (2, 4)-torus link. GOF(−1; m)
is the mirror image of GOF(1;−m).
Remark 1 By GOF(0, k, `) we mean a GOF-knot with a monodromy D`2 ◦ Dk1 , and
by GOF(±1; m) a GOF-knot with a monodromy (D1 ◦D2)±3 ◦Dm1 , where D1 and D2
are Dehn twists along curves intersecting at a single point. We will describe this in
Section 5.
Complete classification of generalized crossing changes between GOF-knots 3
Theorem 1.4 Any order q generalized crossing change between distinct GOF-knots
is equivalent to one of the following for some integer n, see Figure 2.
(1) q = ±2, a generalized crossing change between GOF(0; n, 1) and GOF(0; n,−1),
(2) q = ±1, a (classical) crossing change between GOF(0; n, 2) and GOF(0; n,−2),
(3) q = ±1, a (classical) crossing change between GOF(1; n−2) and GOF(−1; n+
2).
(1)
GOF(0; n, 1)
−n −n
GOF(0; n,−1)
←→
order 2
crossing change
(2)
GOF(0; n, 2)
2 −n
GOF(0; n,−2)
2 −n
←→
classical
crossing change
(3)
GOF(1; n− 2)
−(n+ 2)
0
−(n+ 2)
0
GOF(−1; n + 2)
←→
classical
crossing change
Figure 2: Generalized crossing changes between GOF-knots
Remark 2 It is well known that two fibered knots are equivalent if monodromies for
them are conjugate. For example, D`2 ◦ Dk1 and Dk2 ◦ D`1 are conjugate, hence we have
GOF(0; k, `) = GOF(0; `, k). Similarly, as a special case, we also have GOF(1;−1) =
GOF(0; 4, 1) (and GOF(−1; 1) = GOF(0;−4,−1)), and GOF(1;−2) = GOF(0; 2, 2)
(and GOF(−1; 2) = GOF(0;−2,−2)), since (D1 ◦D2)3 ◦D−11 = D−12 ◦D1 ◦D2 ◦D41 ◦
D−11 ◦D2 is conjugate to D2 ◦D41 , and (D1 ◦D2)3 ◦D−21 = D2 ◦D21 ◦D2 is conjugate
to D22 ◦ D21 . (See also the Appendix.) Then we have the following examples.
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Examples There are at least three 3-manifolds having three distinct GOF-knots: S3 ,
L(4, 1) and L(2, 1) ] L(2, 1). (Here we distinguish knots up to orientation preserving
homeomorphism.) In each manifold, all three GOF-knots are related by generalized
crossing changes, see Figures 3, 4, and 5. By translating the monodromies listed here
into elements of SL2(Z), it can be shown that the knots in Figure 4 (from left to right)
correspond to K1 , K2 , and K3 from [18]. A particularly interesting observation, then,
is that there is a crossing change between the knots K2 and K3 in [18].
order 2 order 2
←→ ←→
GOF(0; 1, 1)
(left-hand trefoil)
GOF(0; 1,−1) = GOF(0;−1, 1)
(figure-eight)
GOF(0;−1,−1)
(right-hand trefoil)
Figure 3: Generalized crossing changes between GOF-knots in S3 .
4 4 4
order 2 classical
←→ ←→
GOF(0;−4, 1) GOF(0;−4,−1) = GOF(−1; 1) GOF(1;−3)
Figure 4: Generalized crossing changes between GOF-knots in L(4, 1).
We provide precise definitions of relevant terms in Section 2, prove Theorem 1.1 in
Section 3, Theorem 1.2 in Section 4, and Theorem 1.4 in Section 5.
2 Definitions and Background
2.1 Surface bundles, open book decompositions, and monodromy maps
Let F be a compact, connected surface with boundary. Suppose α is an arc properly
embedded in the surface F with boundary, and h is a homeomorphism h : F → F
so that the restriction of h to the boundary is the identity. As h fixes the boundary
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22
22
22
←→ ←→
←→
GOF(0; 2, 2) = GOF(1;−2)
GOF(0; 2,−2) = GOF(0;−2, 2)
GOF(−1; 2) = GOF(0;−2,−2)
Figure 5: Classical crossing changes between GOF-knots in L(2, 1) ]L(2, 1).
pointwise, α and h(α) necessarily share their endpoints. For this reason, whenever
we say that two arcs α and β properly embedded in a surface F are disjoint, we shall
mean that they are disjoint on their interiors.
Thus, an arc α is said to be clean (with respect to h) if α and h(α) are disjoint, (i.e.
int(α) ∩ int(h(α)) = ∅). We will also say that α is once-unclean (with respect to h) if
|int(α) ∩ int(h(α))| = 1.
Assume that α and h(α) have been isotoped (rel ∂ ) to intersect minimally. In general,
α ∪ h(α) will be a curve in F with self-intersections. We may move the endpoints
∂α = ∂h(α) slightly into the interior of F to obtain a curve immersed in the interior of
F . Choose an orientation on F , and choose an orientation on α . There is an induced
orientation on h(α) so that α ∪ h(α) has a coherent orientation that agrees with the
orientation of α . Then the intial point of α is the terminal point of h(α) and vice versa.
Say that α is right-veering if the orientations induced by the tangent vectors to h(α)
then α are opposite the orientation on F at both endpoints of the arcs. We say that α
is left-veering if these orientations agree with the orientation on F at both endpoints
of the arcs. In either case, we say that the arc α is alternating, as h(α) approaches α
on alternate sides at the endpoints. Otherwise, we say that α is non-alternating. See
Figure 6.
Further, we will refer to a self-intersection point of α ∪ h(α), as a crossing. We say
that the crossing is positive if the orientation induced by the tangent vectors to h(α)
and then α agrees with the orientation on F , and negative if this orientation disagrees
6 Kai Ishihara and Matt Rathbun
αh(α)
?
?
3	
3 	
αh(α)
k
k
?
?
⊕
⊕
αh(α)
?
?
k ⊕
3 	
Figure 6: The orientation induced by the tangent vectors to h(α) and then α either disagree with
the orientation of F at both endpoints (alternating, right-veering), agree with the orientation of
F at both endpoints (alternating, left-veering), or agree at one and disagree at the other endpoint
(non-alternating).
with that of F . See Figure 7.
α
h(α)ff
?
⊕
α
h(α) -
?
	
Figure 7: A crossing is positive or negative depending on whether the orientation induced by
tangent vectors to h(α) and then to α agree or disagree with the orientation on F , respectively.
Let I be the unit interval [0, 1]. Given a homeomorphism h : F → F as above, we can
form (F × I)/ ∼, where (x, 0) ∼ (h(x), 1) for all x ∈ F , the surface bundle over S1 .
The map h is called the monodromy of the bundle, and the bundle can also be denoted
(F × I)/h. Each copy of F arising from F × {y} is called a fiber. The resulting
manifold is well-defined up to conjugation of h in the mapping class group of F , and
Dehn-twisting along curves in F parallel to boundary components of F .
The surface bundle formed above has a toroidal boundary component arising from each
boundary component of F . If we fill each toral boundary component with a solid torus
so that each loop in the torus arising from ({x}× I)/h bounds a disk in the solid torus,
where x ∈ ∂F , the result is a closed 3-manifold, M . The union of the cores of all
so-filled solid tori forms a link in this 3-manifold. This link is often referred to as a
fibered link in M . In this language, each copy of the surface F is again called a fiber.
Alternatively, the link is called the binding of an open book decomposition of M . In
this language, each copy of the surface F is called a page. For the purposes of this
paper, we will largely use the terms interchangably, often preferring the language of
fibrations or surface bundles for ease of exposition.
Given a particular page F0 in an open book decomposition, and an arc α properly
embedded in F0 , let n(α) denote a neighborhood of α in the manifold. Then there is
a unique loop L in ∂n(α) that bounds a disk in the manifold intersecting the page F0
in exactly the arc α . We will call L an α-loop for the page F0 .
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Definition 2.1 (see [12]) Let Fi ⊂ Mi , for i = 1, 2, be compact oriented surfaces in
the closed, oriented 3-manifolds Mi . Then F ⊂ M1#M2 = M is a Murasugi sum of F1
and F2 if
M = (M1 r int(B1)) ∪S2 (M2 r int(B2)), for 3-balls Bi with S2 = ∂B1 = ∂B2,
and for each i,
S2 ∩ Fi is a 2n-gon, and (Mi r int(Bi)) ∩ F = Fi.
When n = 2, this is known as a plumbing of F1 and F2 . Further, when n = 2 and one
of the surfaces, say F2 is a Hopf annulus, and the corresponding manifold M2 = S3 , this
is known as a Hopf banding. The inverse operation is called Hopf de-banding. In the
language of open book decompositions, Hopf banding is also known as stabilization,
and its inverse as destabilization.
It is well known (see [11], [20], and [7]) that if F′ is a Seifert surface of a link in a
manifold M , and F is the result of a Hopf banding of F′ , then F is a fiber of a fibration
of M if and only if F′ is. It is also well-known that a fiber surface F is the result of
a Hopf banding of F′ if and only if there is an arc properly embedded in F′ which is
clean and alternating with respect to the monodromy of the fibration by F′ . In other
words, intersection behavior about arcs in the fiber surface and their images under
the monodromy correspond exactly with certain geometric information about the fiber
surface.
In [6], Buck, Shimokawa and the current authors generalized this idea, introducing the
notion of a generalized Hopf banding or generalized stabilization.
Generalized Hopf bandings also respect fibration structures. Further, a generalized
Hopf banding that is not an actual Hopf banding was shown to correspond exactly to
arcs properly embedded in a fiber which are once-unclean and non-alternating with
respect to the monodromy of the fibration.
2.2 The arc complex and isometric actions on H2
The arc complex A(F) of a surface F is a simplicial complex whose vertices correspond
to the isotopy classes (rel ∂ ) of (essential) arcs properly embedded in F , and whose
vertices span a simplex if the vertices correspond to isotopy classes of arcs that can be
made pairwise disjoint (on their interiors) in F .
Let F be a once-punctured torus. In this case, A(F) is two-dimensional. In fact, by
shrinking the boundary of F , isotopy classes of essential arcs in F are in one-to-one
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correspondence with essential simple closed curves in the torus, which, in turn, are in
one-to-one correspondence with Q∪ {∞}, the set of slopes on the torus. Further, two
arcs in the punctured torus F can be istoped to intersect minimally in n points (in their
interiors) if and only if their corresponding ratios p/q and p′/q′ (in lowest terms, or
∞ = 1/0) satisfy: |pq′ − qp′| = n + 1 (see, for instance, [15]).
It is well known that the 1-skeleton of arc complex of a once-punctured torus is
the Farey graph, and that the complex A(F) has a very useful embedding into H2 ,
the Gromov compactification of the hyperbolic plane. Each 2-dimensional simplex
embeds as an ideal triangle, and each 1-simplex embeds as a geodesic line. There
is also an associated dual tree T , which embeds in H2 by taking a vertex at the
orthocenter of each triangle of A(F), and joining two vertices arising from triangles in
A(F) sharing an edge.
Further, an orientation-preserving homeomorphism of F induces an automorphism of
A(F), an automorphism of T , and an orientation-preserving isometry of H2 which
extends to a continous map of H2 , agreeing with the actions on A(F) and T .
So, in particular, the monodromy map h : F → F induces an isometry h˜ : H2 → H2 .
By a slight (and common) abuse of notation, we will refer to both the isometry on H2
and its extension to H2 by h˜. By the classification of hyperbolic isometries, h˜ is one
of three classes: (1) elliptic, (2) parabolic, or (3) loxidromic, which correspond exactly
to h being (1) periodic, (2) reducible, or (3) pseudo-Anosov.
Suppose α is once-unclean with respect to the monodromy h. Let β = h(α). Now,
consider a neighborhood N of α ∪ β . Then N is a pair of pants with one boundary
curve properly embedded in the interior of F , so that each of the other boundary curves
intersects ∂F in a single arc. The frontier of N , consists of the one curve properly
embedded in the interior of F , and two essential arcs in F , say ν1 and ν2 . Then,
there exist two disjoint essential arcs ν1, ν2 properly embedded in F , each of which
is also disjoint from α and β . Thus, in the arc complex, A(F), there is a simplex
∆α , whose vertices correspond to α, ν1 , and ν2 , and there is a simplex ∆β , whose
vertices correspond to β, ν1 , and ν2 . In particular, ∆α and ∆β share an edge (the
edge between the vertices corresponding to ν1 and ν2 ). In this case, we say that the
vertices corresponding to α and β are simplex-adjacent, and call the edge between the
vertices corresponding to ν1 and ν2 the common edge. (Equivalently, we could say
that there exist 2-simplices associated with α and β whose corresponding vertices in
T are adjacent. In this case, the edge between these vertices in T corresponds to the
common edge in A(F).)
Let A be a directed edge in H2 , directed from endpoint A− to A+ , both in ∂H2 .
Following [7], say that two distinct vertices of A(F) are on the same side of A if their
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corresponding vertices in ∂H2 are not interleaved with the endpoints of A. If x1 and
x2 are distinct points of ∂H2 on the same side of A, then x1 < x2 if {x1,A+} and
{x2,A−} are interleaved. This defines a total order on points of one side of A.
2.3 Automorphisms of the once-punctured torus, oriented arcs, and half-
twists
Let F be a once-punctured torus. For any essential arc α properly embedded in F , there
is a uniquely determined essential loop cα disjoint from α . Let Dα denote the right-
handed Dehn twist along the curve cα . Observe that Dα is a reducible automorphism,
fixing the arc α (and the loop cα ), and the action of D˜α sends each edge of A(F)
incident to the vertex corresponding to α to the next such edge, preserving a cyclic
ordering of the edges incident to this vertex.
If β is any properly embedded arc in F disjoint from α , then by Alexander’s Method,
an automorphism h of F is determined up to free isotopy by the images of α and β
under h.
Next, observe that a disk branched over three points is double-branch covered by the
once-punctured torus. The covering map, τ , is called the hyper-elliptic involution.
One result of this is that (Dα ◦ Dβ ◦ Dα) = (Dβ ◦ Dα ◦ Dβ), for any disjoint arcs α
and β . Following notation from the braid group on three strands, we will call this
automorphism ∆α,β . (We suppress the subscripts when unnecessary or implied.)
Another result of this clarifies an important distinction between monodromy maps of
the once-puctured torus and the induced automorphisms on the arc complex of the
once-punctured torus. The arc complex A(F) considers unoriented arcs. The oriented
arc complex AO(F) has vertices represented by oriented arcs in F . Then AO(F)
double-covers A(F), and there is a short exact sequence relating the automorphism
groups,
{1} → Z2 → Aut(AO(F)) pi→ Aut(A(F))→ {1} .
The hyper-elliptic involution, τ , is a non-trivial automorphism, even up to free isotopy,
but preserves all free isotopy classes of arcs set-wise, reversing their orientations. Thus,
the induced action of τ on AO(F) generates the kernel of pi . This involution does not
fix the boundary of F , so it is not a monodromy map. However, it is freely isotopic
to the monodromy map (Dα ◦ Dβ)±3 , where α and β are a pair of disjoint essential
arcs. We will denote (Dα ◦ Dβ)±3 = ∆±2 by (D∂)±1/2 , as it is a square root of a full
twist around the boundary. Any two monodromy maps that are freely isotopic differ by
some power of (D∂)1/2 .
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3 Finiteness of Once-Unclean Arcs
The celebrated Giroux correspondence is a bijection between the set (of isotopy classes)
of oriented contact structures on a 3-manifold and the set of open book decompositions
of the manifold up to positive stabilization ([14]). Through this correspondence,
investigations about the nature of and relations between open book decompositions has
ramifications for our understanding of contact geometry. This has inspired considerable
renewed interest in the study of open book decompositions and surface bundles.
Baader and Ishikawa ([1]), having shown that a fibered link in S3 supports the unique
tight contact structure on S3 if and only if it is quasipositive, asks whether there exist
quasipositive fiber surfaces that are not stabilized, other than the disk. Etnyre and Li
([8]) answer this question affirmatively for genus zero open book decompositions, and
Baker, Etnyre, and Van Horn-Morris ([3]) and Wand ([22]) did so for genus two open
book decompositions.
When an open book is stabilized, it is reasonable to ask how many distinct de-
stabilizations there might be. Coward and Lackenby ([7]) have shown that if a GOF-
knot admits a de-stabilization, then there are at most two distinct de-stabilizations, up
to monodromy equivalence. Misev [17] recently investigated the question for torus
links, and showed that for a certain class of exceptional torus links, there are finitely
many distinct de-stabilizations. For the remaining torus links, Misev shows that there
are infinitely many distinct de-stabilizations, though does not consider these up to
monodromy-equivalence.
Continuing the analogous exploration into how many distinct geralized stabilizations
there might be, we follow the methods of [7], to show that a GOF-knot admits at most
finitely many distinct arcs that are once-unclean. We prove:
Theorem 1.1 For a once-punctured torus bundle whose monodromy is not freely
isotopic to the identity map, there are at most two monodromy-equivalence classes of
arcs which are once-unclean with respect to the monodromy.
Proof We follow the arguments found in [7], and modify them to the purpose of
finding once-unclean arcs in lieu of clean arcs. We consider separately the three
homeomorphism types of the monodromy h.
Case 1. The monodromy h is periodic.
In this case, the induced automorphism of the tree T fixes a point in T , which must
either be a vertex, or a midpoint of an edge.
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If the fixed point is a vertex of T , then this vertex corresponds to a 2-simplex ∆ in
A(F), and this corresponds to an ideal triangle in H2 . So h˜ induces a rotation of
H2 around the center of this ideal triangle. Label the ideal vertices of this triangle
t1, t2, and t3 , so that h˜ sends ti to ti+1 (mod 3). Obviously, none of these vertices can
correspond to once-unclean arcs. Consider, then, a vertex v other than the vertices of
the ideal triangle. Without loss of generality, we have v < t2 < h˜(v) with respect to the
edge from t1 to t3 . Then, v and h˜(v) are on opposite sides of both the edge between t1
and t2 , and the edge between t2 and t3 , so they cannot be simplex-adjacent.
If, on the other hand, the fixed point is a midpoint of an edge of T , say e′ , then the
automorphism fixes e′ set-wise, and acts as rotation around the midpoint. Let e be the
edge in A(F) corresponding to e′ . Then e is an edge between two 2-simplices ∆1
and ∆2 in A(F), distinguishing two vertices v1 and v2 of ∆1 and ∆2 , respectively, so
that neither of v1 or v2 is incident to e. Since the endpoints of e′ are interchanged by
the automorphism, and e is fixed, v1 and v2 must be interchanged. Thus v1 and v2 are
simplex-adjacent with common edge e. For any vertex v off of e, v and h˜(v) are on
opposite sides of e, so the only way that v and h˜(v) could be simplex-adjacent would
be if e were the common edge between them. This uniquely determines the pair v and
h˜(v) as v1 and v2 .
Thus, if h is periodic, then there are at most two arcs which are once-unclean, and they
are related by the monodromy.
Case 2. The monodromy h is reducible.
Then h leaves an essential arc in F fixed, up to isotopy, and h˜ is parabolic. Hence, as
an element of SL(2,Z), h˜ is conjugate to( ±1 n
0 ±1
)
,
with n ∈ Zr{0}. For any homeomorphism f of F , |int(α)∩ int(h(α))| = |int(f (α))∩
int(f (h(α)))|, so α is once-unclean with respect to h if and only if f (α) is once-unclean
with respect to f ◦ h ◦ f−1 . Thus, conjugation will not affect the properties in the
theorem, so we may assume that h˜ is given by the matrix above.
In this case, an arc represented by p/q will be sent to the arc represented by (p±nq)/q.
These two arcs will be simplex-adjacent only if |pq− q(p± nq)| = |nq2| = 2. Then,
q = ±1, n = ±2, and there are two h˜-equivalence classes of vertices corresponding
to once-unclean arcs. Observe, furthermore, that the two equivalance classes can be
represented disjointly by the arcs corresponding to 1/1 and 2/1.
Case 3. The monodromy h is pseudo-Anosov.
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In this case, the induced action on H2 is loxidromic, having two fixed points on ∂H2 .
The fixed points cannot be vertices of A(F), because h is not reducible. A loxidromic
mapping class has a set-wise fixed axis, which we will call A, whose endpoints A−
and A+ on ∂H2 are the fixed points of h˜, where A− is a repelling point, and A+ is an
attracting point.
Then A is an edge directed from A− to A+ , which defines a total order on ∂H2 on
either side of A, as defined above, which is preserved by h˜.
Again from [7], a vertex v ∈ A(F) is said to be visible from A if v is adjacent in A(F)
to a vertex on the opposite side of A.
We will show that if v and h˜(v) are simplex-adjacent, then v is visible from the axis A.
Suppose that v is not visible from A. Then, every simplex of which v is a vertex has all
vertices on the same side of A. Further, since v is not visible from A, there exists such
a simplex with vertices v, v− , and v+ , so that v− < v < v+ . Now, v+ < h˜(v+), since
h˜ moves points along the circle ∂H2 away from A− and towards A+ . Since {v−, v+}
and {h˜(v−), h˜(v+)} both form the endpoints of edges, they cannot be interleaved.
In this case, in order for v and h˜(v) to be simplex-adjacent, it would need to be true
that the edge between v− and v+ is the common edge of v and h˜(v). But then we
would have h˜(v−) < h˜(v) < h˜(v+), since h˜ preserves the order, so the edge between
v− and h˜(v) precludes the existence of an edge between h˜(v−) and h˜(v+). Thus, it is
impossible for v and h˜(v) to be simplex-adjacent.
Finally, we will show that there are at most two h˜-equivalence classes of arc that are
visible from A, and correspondingly at most two h-equivalence classes of once-unclean
arcs in F .
To prove this, we will construct a fundamental domain for the action of h˜ on A, and
examine the points visible from such a domain. Suppose v and h˜(v) are simplex-
adjacent, and are therefore both visible from A. Call the common edge e, and call its
endpoints x and y. Then e separates v and h˜(v), but x and y cannot be on the same
side of A since v is visible from A. Say x is on the same side of A as v, and y is
on the opposite side. Because there is an edge between v and y, there is also an edge
between h˜(v) and h˜(y). Then a fundamental domain for the action of h˜ on A is the
interval between the edge from v to y and the edge from h˜(v) to h˜(y). This interval
is divided into three sub-intervals by the edge e (from x to y) and the edge from h˜(v)
to y. For each point in the first sub-interval, the only vertices visible on the same side
as v are v and x; for each point in the second sub-interval, the only vertices visible on
the same side as v are x and h˜(x); for each point the third sub-interval, the only vertex
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visible on the same side as v is h˜(v). Thus, v and x are the only vertices in distinct
h˜-equivalence classes that are visible from A on this side of A.
Now, if x and h˜(x) were simplex-adjacent, the common edge between them would
have to be the edge between h˜(v) and y. This would imply that y = h˜(y), which is
impossible as h is pseudo-Anosov. Hence, v determines a unique h˜-equivalence class
of vertices on one side of A corresponding to once-unclean arcs.
Furthermore, note that y and h˜(y) are the only vertices on the other side of A visible from
the fundamental domain of A. Thus, either v determines a unique equivalence-class of
once-unclean arcs, or v and y determine the two equivalence-classes of once-unclean
arcs and the arcs can be realized disjointly on the surface.
Having considered all three cases, we conclude that there are at most two h˜-equivalence
classes of vertices v so that v and h(v) are simplex-adjacent, and therefore at most two
monodromy-equivalence classes of arcs that are once-unclean. Further, when there are
two equivalence classes, the two arcs can be represented disjointly on the surface.
4 Monodromies with Clean or Once-Unclean Arcs
In this section, we aim to classify all possible monodromies of once-punctured torus
bundles that give rise to arcs that are either clean or once-unclean. We begin by
classifying such monodromies up to free isotopy, and then give a more definitive
classification.
Let h : F → F be an automorphism that is the identity on ∂F which gives rise to at
least one either clean or once-unclean arc. We consider the same classifications for a
monodromy h having clean or once-unclean arcs as in the proof of Theorem 1.1.
Case 1. h is periodic.
As before, either there is a vertex of T that is a fixed point of h˜, or there is a midpoint
of an edge of T that is a fixed point.
In the former case, [7] shows that there is exactly one h-equivalence class of clean
arcs, and that the representative arcs correspond to the vertices of the ideal triangle of
A(F) corresponding to the fixed vertex of T , and we have shown above that there are
no once-unclean arcs. Let α be one of these clean arcs, and let β = h(α); so call
γ = h(β), and note that γ = h2(α), and h(γ) = α . Then α and β are disjoint, and
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Dα ◦Dβ sends α to β and β to γ , and so is freely isotopic to h. (Note the periodicity
since ˜
(
Dα ◦ Dβ
)3 does, in fact, act as the identity on A(F).)
In the latter case, [7] shows that there is exactly one h-equivalence class of clean arcs,
and that the representative arcs correspond to the endpoints of the edge of A(F) dual
to the edge of T on which the fixed point lies, and we have shown above that there
is exactly one h-equivalence class of once-unclean arcs, and that the representative
arcs correspond to the two unique vertices that are simplex-adjacent across that edge.
Let α be one of these clean arcs and let β = h(α). Then α and β are disjoint, and
∆ = Dα ◦Dβ ◦Dα sends α to β and β to α , and so is freely isotopic to h. (One can
further check that, given α and β on F , there exist uniquely determined arcs γ and
γ′ that are each disjoint and distinct from both α and β , and that they will intersect
exactly once and be exchanged by Dα ◦ Dβ ◦ Dα .)
Case 2. h is reducible.
As before, we may assume that h˜ is given by the matrix( ±1 n
0 ±1
)
,
with n ∈ Z. If n = 0, then h˜ = ±Id , and h is freely isotopic to a map so that all arcs
are clean.
Otherwise, assume n 6= 0. In [7], it is shown that the arc represented by 1/0 is, in fact,
fixed by h, regardless of the value of n, and that the only way there can exist a second
clean arc is if n = ±1, in which case, all arcs represented by an integer are clean and
h-equivalent. We have shown that the only way there can exist once-unclean arcs is
if n = ±2, in which case there are exactly two h-equivalence classes of once-unclean
arcs, one represented by 1/1 and the other by 2/1.
Let α be the arc represented by 1/0, fixed by h. Then, up to free isotopy, h = (Dα)n
for some n ∈ Z r {0}, with a single second monodromy equivalence class of clean
arcs and no once-unclean arcs if n = ±1, and exactly two monodromy equivalence
classes of once-unclean arcs and no clean arcs if n = ±2.
Remark 3 We take a moment here to remark that while h = Dnα fixes the arc α , the
‘image’ arc h(α) is also freely isotopic to one that shares endpoints with α , emanates
to opposite sides of α at those endpoints, and intersects α exactly once in the interior.
In other words, α can be considered a once-unclean, alternating arc with respect to the
monodromy h = (Dα)n . In particular, (D∂)±1/2 ◦Dnα has a once-unclean arc. We will
revisit this point in Section 5.
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Case 3. h is pseudo-Anosov.
In this case, recall that A(F) embeds into H2 , and there exists an axis, A, that is
fixed (set-wise) by h˜ acting on H2 . Recall, further, that any arc that is either clean or
once-unclean with respect to h will have vertices in A(F) that are visible from the axis
A.
First, suppose that there exists at least one clean arc, α . Let a denote the vertex
corresponding to α . Then a and h˜(a) are both visible from A, and on one side of A.
Then there are exactly two vertices, b and b′ , that are each adjacent to both a and h˜(a).
Call b the one on the opposite side of A, and let β be the arc corresponding b. Now,
h˜(b) and h˜(a) are joined by an edge, since α and β are disjoint. Observe that D˜β fixes b
and carries a to h˜(a), since a, h˜(a), and b are vertices of the same ideal triangle. Now,
D˜h(α)
−n
fixes h˜(a) and carries b to a vertex adjacent to h˜(a). Thus, the monodromy is
freely isotopic to this composition, or equivalently, h = Dβ ◦ D−nα , for some n > 0.
(Note that if n ≤ 0, then this will not be a pseudo-Anosov homeomorphism.) If n = 1,
then β is also a clean arc, and α and β represent the two different h-equivalence
classes. By examining the vertices of A(F) that are visible from a fundamental
domain of the action of h˜, namely the segment of the axis A between the edge between
a and b and the edge between h˜(a) and h˜(b), we can see that there are no once-unclean
arcs. If n = 2, then β is a once-unclean arc, and examining the fundamental domain
reveals that there are no other clean or once-unclean arcs. If n > 2, then there are no
once-unclean arcs, and no additional clean arcs.
Next then, suppose that there are no clean arcs. Let α be a once-unclean arc, and let
a denote the vertex corresponding to α . Then a and h˜(a) are vertex-adjacent across
an edge, and let b and b′ be the vertices of this edge. Again, call b the one on the
opposite side of A from a, and let β be the arc corresponding to b. Again, h˜(a) and
h˜(b) share an edge since a and b do.
Observe that D˜β
2
fixes b and carries a to h˜(a). Then D˜h(α)
−n
fixes h˜(a) and carries b to
a vertex adjacent to h˜(a). Thus, the monodromy is freely isotopic to this composition,
or equivalently h =
(
Dβ
)2 ◦D−nα , for some n > 1. (If n = 1, then β would be a clean
arc; note that in this case, h =
(
Dβ
)2 ◦ (Dα)−1 is the same as one of the cases above,
by exchanging the roles of α and β , and taking the inverse monodromy. If n < 1,
then the monodromy would not be pseudo-Anosov.) If n = 2, then β gives a second
monodromy-equivalence class of once-unclean arcs. If n > 2, then there is only one
class of once-unclean arcs.
Having considered all the casses, we summarize all the possible monodromies, up to
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inverses and free isotopy, of a once-punctured torus admitting a clean or once-unclean
arc in Table 1. (We adopt the conventions that α and β are disjoint, and γ = Dβ(α)).
Monodromy Clean h-classes Once-unclean h-classes
Periodic
Dα ◦ Dβ 1 ([α] = [β]) 0
Dα ◦ Dβ ◦ Dα 1 ([α] = [β]) 1 ([γ])
Reducible (Dα)n
n = 0 ∞ (all) 0
n = 1 2 ([α], [β]) 0
n = 2 1 ([α]) 2 ([β], [γ])
n > 2 1 ([α]) 0
Pseudo-Anosov
Dβ ◦ (Dα)−n
n = 1 2 ([α], [β]) 0
n = 2 1 ([α]) 1 ([β])
n > 2 1 ([α]) 0(
Dβ
)2 ◦ (Dα)−n n = 2 0 2 ([α], [β])n > 2 0 1 ([α])
Table 1: A classification of all monodromies (up to inverses and free isotopy) of a once-
punctured torus bundle admitting a clean or once-unclean arc.
In fact, we can provide a more natural and more complete classification than this.
We now begin the analysis of particular monodromy maps, instead of only up to free
isotopy.
Lemma 4.1 Suppose h is a monodromy of a once-punctured torus bundle. Let α be
any essential arc in a fiber. Then α is non-alternating if and only if h|α = Idα .
In particular then, for any monodromy map, and any arc, if the monodromy moves the
arc, then the arc is alternating. Observe that this is not a statement about free isotopy.
Proof It is clear that an arc fixed pointwise by h is non-alternating. Suppose, then,
that h(α) is not isotopic (rel ∂ ) to α , but has been isotoped (rel ∂ ) to intersect α
minimally. Then cutting the fiber along α cuts h(α) into disjoint arcs, η1, . . . , ηk
properly embedded in an annulus with endpoints contained in the two sub-arcs of the
boundary corresponding to α , say α± . Observe that none of the η1, . . . , ηk are parallel
into either of α± , because α and h(α) intersected minimally.
Every intersection between α and h(α) in the interior of these arcs corresponds to one
endpoint of
⋃
ηi on each of α± . Call an arc ηi a (++)-arc, (+−)-arc or (−−)-arc,
depending on the locations of the endpoints of ηi . Suppose that α is non-alternating.
Then, without loss of generality, the number of (+)-endpoints is exactly two greater
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than the number of (−)-endpoints. Every essential arc in the annulus will be a (+−)-
arc, so there must be at least one (++)-arc.
Consider, now, η1 and ηk , the arcs incident to each of the endpoints of α+ . (Of course,
ηk 6= η1 , or else h(α) = η1 is an inessential arc in both the annulus and the fiber,
while α was essential in the fiber.) If η1 were a (+−)-arc, then it would be essential
in the annulus, and there could be no (++)-arcs, for they would have to be parallel
into α+ , which is impossible. On the other hand, if η1 were a (++)-arc, then it would
be inessential in the annulus and would have one endpoint at an endpoint of α+ and
the other endpoint in the interior of α+ . Then η1 would separate the annulus, and ηk
would be parallel into α+ , which is still impossible.
We quickly observe an interesting corollary.
Corollary 4.2 A fiber surface of a fibered, genus one knot, has no strictly generalized
Hopf bands, and at most two monodromy-equivalent Hopf bands. Moreover, if there
are two, then the knot is the figure-eight knot in S3 .
We continue with the investigation of specific monodromy maps.
Lemma 4.3 Let h be a monodromy of a once-punctured torus bundle. If κ is a clean
arc in a fiber, then there exists an arc in the fiber, δ , disjoint from κ so that h = D±1δ ◦Dnκ
for some n ∈ Z.
Proof Suppose κ is a clean arc in a fiber. Observe that the fiber cut along κ is an
annulus. Thus, any monodromy that actually fixes κ must be Dnκ for some n ∈ Z.
So, if κ is fixed, then let δ = κ, and the result holds.
Otherwise, by Lemma 4.1, κ is an alternating arc. Since κ is clean and alternating,
c = κ ∪ h(κ) is a simple closed curve (we may take it to be in the interior of the fiber
by moving the two points ∂κ = ∂h(κ) slightly into the fiber). There is a unique arc,
δ , in the fiber disjoint from c, and c = cδ . Now, D±1δ ◦ h fixes κ, so D±1δ ◦ h is equal
to Dnκ for some n ∈ Z.
When a monodromy, h, has a once-unclean arc, µ, recall that µ∪h(µ) can be considered
an immersed curve with a single crossing, and that orienting µ (either way) gives a
well-defined sign to the crossing because of an induced orientation on h(µ). There
are then two ways of resolving this crossing. The resolution that is consistent with the
orientations (equivalent to a B-resolution, e.g. in [10]) results in two simple closed
curves. Call these curves r and s. The other resolution (equivalent to an A-resolution)
results in a single simple closed curve. Call this curve t .
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Lemma 4.4 Let h be a monodromy of a once-punctured torus bundle. If µ is a
once-unclean arc in a fiber, then one of the following holds:
(1) The arc µ is either right-veering with a negative crossing, or is left-veering with
a positive crossing, t is trivial, r = s are both essential loops equivalent to cδ
for some essential arc δ disjoint from µ, and h = D±2δ ◦ Dnµ for some n ∈ Z.
(2) The arc µ is either right-veering with a positive crossing, or is left-veering with
a negative crossing, t is parallel to the boundary of F , r = s are both essential
loops disjoint from µ and h(µ), and h = (D∂)±1/2 ◦ Dnµ for some n ∈ Z.
Proof First suppose that µ is right-veering with a negative crossing or left-veering
with a positive crossing. See Figure 8.
µh(µ) -
:
: µh(µ)ff
y
y
Figure 8: Right-veering with a negative crossing or left-veering with a positive crossing.
Since both r and s intersect µ exactly once, they must be essential, and equal to cδ
for some essential arc disjoint from µ. But r and s are also disjoint, so they must
be isotopic. Now, as r and s are isotopic, they cobound an annulus in F , and the
curve t is the boundary of the disk obtained by cutting this annulus along an essential
arc, so t is trivial. Finally, observe that h(µ) is obtained from µ precisely by twisting
twice positively (respectively, negatively) around r = s = cδ when µ is right-veering
(respectively, left-veering). So D±2δ ◦ h is equal to Dnµ for some n ∈ Z.
Next, suppose that µ is right-veering with a positive crossing or left-veering with a
negative crossing. See Figure 9.
µh(µ)ff
:
: µh(µ) -
y
y
Figure 9: Right-veering with a positive crossing or left-veering with a negative crossing.
It is clear from the Figure 9 that r and s are both disjoint from µ and h(µ). If either of
them were trivial, then h(µ) could be isotoped (rel ∂ ) across the disk bounded by the
curve to intersect µ fewer times, and then µ would be clean instead of once-unclean.
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As there cannot be distinct essential curves in a once-punctured torus, r is isotopic to
s.
Since neither of r nor s is non-trivial, the geometric intersection number between t
and µ is two, so t cannot be trivial. But, on a once-punctured torus, the geometric
intersection number of any essential simple closed curve with an essential arc is the
absolute value of the algebraic intersection number, while the algebraic intersection
number between t and µ is zero, so t cannot be an essential curve. Thus, t must be
nontrivial but inessential, so it is boundary parallel.
Finally, since t is boundary parallel, but traces the path of h(µ), observe that the half-
twist around the boundary, (D∂)−1/2 (respectively, (D∂)1/2 ), carries h(µ) to µ when
µ is right-veering with a positive crossing (respectively, left-veering with a negative
crossing). Hence (D∂)±1/2 ◦ h fixes µ, so is equal to Dnµ for some n ∈ Z.
Now, suppose µ is an arc that is once-unclean with respect to a particular monodromy
map h. Then h(µ) intersects µ, but may be freely isotopic to an arc intersecting µ
zero times, so h must be freely isotopic to one from Table 1 (including possibly one
with only clean arcs). Further, recall from Subsection 2.3 that any two monodromy
maps that are freely isotopic differ by a power of (D∂)1/2 . However, any monodromy
differing from one in Table 1 by even two powers of (D∂)±1/2 will certainly not have
a once-unclean arc.
Hence, we may consider all the particular monodromies listed in Table 1 or partic-
ular monodromies obtained by (post-)composing one from Table 1 with (D∂)1/2 or
(D∂)−1/2 , determine which of these actually have once-unclean arcs, and then factor-
ize the resulting monodromies according to the forms in Lemma 4.4 depending on the
direction of veering and sign of the crossing.
We summarize the classification of all monodromies with this finer analysis in Table
2, indicating which arc is clean or once-unclean and the corresponding factorization of
the monodromy. Note that this table refers to monodromies up to isotopy (rel ∂ ), not
only free isotopy.
Theorem 1.2 Table 2 gives a complete classification of all monodromies (up to
inverses and conjugation) of once-punctured torus bundles admitting a clean or once-
unclean arc.
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Corollary 1.3 For a once-punctured torus bundle, there are at most two homeomor-
phism classes of arcs which are clean or once-unclean with respect to the monodromy.
Moreover, when there are two classes, their representatives can be realized disjointly
on a fiber.
Proof Let F be a once-punctured torus, and let h : F → F be a monodromy map.
Suppose a homeomorphism f : F → F commutes with h. Then f can be extended
to a self-homeomorphism of the once-punctured torus bundle (F × I)/h. Obviously, a
power hn of the monodromy h commutes with h, and so two arcs are homeomorphic
if they are monodromy equivalent. For almost all monodromies in Table 2, there
are at most two monodromy-equivalence classes of arcs which are clean or once-
unclean with respect to the monodromy. The only exceptions are (1) (Dα)0 = Id , (2)
(Dα ◦ Dβ)3 = (D∂)1/2 , and (3) (Dα)2 . In the cases of (1) h = Id or (2) h = (D∂)1/2 ,
all arcs are clean or once-unclean. In this case, any homeomorphism f : F → F
commutes with the monodromy h, and so the homeomorphism class of arcs is unique.
In the case of (3) h = (Dα)2 , there are two monodromy-equivalence classes [β] and
[γ] of once-unclean arcs, and one clean (fixed) arc α . In this case, a homeomorphism
f = Dα send γ to β , and commutes with the monodromy h. Then the homeomorphism
class of once-unclean arcs is also unique.
5 Crossing Changes
We are now in a position to characterize all generalized crossing changes between two
GOF-knots. In order to do this, we will show that it suffices to look at once-unclean
arcs. We will also describe the ambient spaces in which these knots sit.
5.1 Manifolds
We can use Lemmas 4.3 and 4.4, to give a link-surgery description of every GOF-knot
with a clean arc or once-unclean arc, and describe the manifolds in which the GOF-
knots sit. Let GOF(0; k, `) and GOF(±1; m) be GOF-knots with monodromy D`β ◦Dkα
and (D∂)1/2 ◦ Dmα , respectively, and let M(0; k, `) and M(±1; m), respectively, be the
manifolds in which they sit.
We will describe the resulting knot complement as the result of a particular Dehn
surgery on the trefoil knot in S3 . With disjoint arcs α and β in a once-punctured torus
F , the monodromy of trefoil knot is represented by Dα ◦ Dβ . Namely, the exterior of
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the trefoil knot is homeomorphic to the manifold which is obtained from F× [0, 1] by
identifying two points (x, 1) and (h(x), 0), and the meridian corresponds to y×[0, 1] for
a point y in ∂F , see Figure 10. For a loop c in F× {∗}, we consider (n`c+1n )-surgery
along c, where `c is the linking number of c with a loop parallel to c in F×{∗}. This
surgery corresponds to the operation of cutting the fiber bundle along F × {∗} and
gluing it again after twisting n-times along c. Then the resulting manifold is a new
once-punctured torus bundle, whose monodromy is changed by Dnc from the original
one, where Dc is a Dehn twist along c. We will use this method multiple times to
give surgery descriptions of GOF(0; k, `) in M(0; k, `) and GOF(±1; m) in M(±1; m).
Note that `c = 1 if c = cα × {∗} or c = cβ × {∗}.
In the case of GOF(0; k, `) in M(0; k, `), which has a monodromy h = D`β ◦ Dkα , we
use two loops c1 = cα×
{ 1
3
}
and c2 = cβ×
{ 2
3
}
to provide a surgery description. The
surgery coefficient are kk−1 ,
`
`−1 for c1, c2 respectively. Then the resulting manifold is a
once-punctured torus bundle with the monodromy D`−1β ◦Dkα ◦Dβ , which is conjugate
to h. Let L be the α-loop for the fiber F × {0}. By the Kirby calculus, we have a
surgery description of GOF(0; k, `), together with the α-loop, L , see Figure 11. The
manifold M(0; k, `) is homeomorphic to L(−`, 1) ]L(−k, 1). In particular,
M(0; k, `) =
{
L(−k, 1) (` = ±1)
L(2, 1) ]L(−k, 1) (` = ±2).
In the case of GOF(1; m) in M(1; m), which has a monodromy h = (D∂)1/2◦Dmα , we use
three loops c1 = cα×
{ 1
4
}
, c2 = cβ ×
{ 1
2
}
, c3 = cα×
{ 3
4
}
for a surgery description.
The surgery coefficients are 2, 2, m+3m+2 for c1, c2, c3 respectively. Then the resulting
manifold is a once-punctured torus bundle with the monodromy Dm+2α ◦Dβ ◦D2α ◦Dβ ,
which is conjugate to h = (Dα ◦Dβ)3 ◦Dmα . Let L be the α-loop for the fiber F×
{ 3
4
}
.
By the Kirby calculus, we have a surgery description of GOF(1; m), together with the
α-loop, L , see Figure 12. As the exterior of the (2, 4)-torus link is a Seifert fibered
space over the annulus with one exceptional fiber of multiplicity 2, and the regular
fibers intersect the 0- and (−m)-slopes 2 and m + 2 times, respectively, the result
of Dehn filliing is the Seifert fibered space over the sphere with three exceptional
fibers, having Seifert invariants (−1; (2, 1), (2, 1), (m + 2, 1)), see also the Appendix.
In particular then (see [5]),
M(1; m) =

L(4,−1) (m = −1)
L(2, 1) ]L(2, 1) (m = −2)
L(4, 1) (m = −3)
a prism manifold (otherwise).
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In the case of GOF(−1; m) in M(−1; m), which has a monodromy h = (D∂)−1/2 ◦Dmα ,
we have a surgery description by taking the mirror image of the case of GOF(1;−m)
in M(1;−m). The manifold M(−1; m) is homeomorphic to the Seifert fibered space
having Seifert invariants (1; (2,−1), (2,−1), (m− 2, 1)).
α β
cαcβ
Figure 10: The trefoil in S3 has monodromy Dα ◦ Dβ .
L
c1( kk−1 )
c2( ``−1 )
k
k−1
`
`−1
−k−`
−k
−` (−1)-twist along c1 and c2 ↓
∼
∼
Figure 11: GOF(0; k, `) with monodromy D`β ◦ Dkα and an α-loop in M(0; k, `).
Theorem 5.1 (1) Every once-punctured torus bundle with a clean arc is the com-
plement of a GOF-knot in L(n, 1) for some n ∈ Z.
(2) Every once-punctured torus bundle with a once-unclean arc is the complement of
a GOF-knot in L(2, 1) ]L(n, 1) for some n ∈ Z, L(4,±1), or a prism manifold.
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c1(2)
c2(2) c3( m+3m+2 )
2
2
m+3
m+2
1
1
−(m+ 3)
0
−(m+ 4)
0
−(m+ 4) 0
−m
0
−m
0
−m
∼
↓(−1)-twist along c3
←−
(−1)-twist along c2
o
−→
1-twist along c1
o
∼
Figure 12: GOF(1; m) with monodromy D1/2∂ ◦ Dmα and an α-loop in M(1; m).
5.2 Crossing Changes
We recall that a crossing circle for a knot (or link) K is a circle L that bounds a disk
intersecting K in two points with opposite orientations. We refer to the disk as a
crossing disk. Then, a generalized crossing change along L of order q is a −1q Dehn
surgery on L , with q ∈ Z r {0}. Since L bounds a disk, the ambient manifold does
not change, but the knot may. When q = ±1, this is just an ordinary crossing change.
Also, χ(K) refers to the maximal Euler characteristic of all Seifert surfaces for K , and
a Seifert surface S for K is said to be taut if its Euler characteristic realizes χ(K).
Lemma 5.2 If K is a GOF-knot with fiber F , L is a crossing circle for K , and the
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result of an order q generalized crossing change (q-twist) along L is another GOF-
knot, then L bounds a disk that intersects F in a single arc α . Moreover, one of the
following holds:
(1) q = ±2, α is clean and alternating (not fixed) with respect to the monodromy
of F , or
(2) q = ±1, α is once-unclean (and alternating) with respect to the monodromy of
F .
Proof Our method is similar to the proofs in S3 from [16] and [21], relying on an
important result of Gabai in [13]. Evidently, χ(K) = −1. Suppose that S is a taut
surface bounded by K in the complement of L . From the local picture, the crossing
disk must intersect S in a single arc. Let K′ and S′ be the images of K and S ,
respectively, after the generalized crossing change, and note that χ(S′) = χ(S). By
Corollary 2.4 of [13], at least one of S or S′ is taut for K or K′ . But then they both
realize χ(K) = χ(K′), so, in particular, S must be taut for K . From a classic result of
Hatcher and Floyd [9] (stated for Anosov homeomorphisms, but true in general), there
are no Euler characteristic −1 surfaces in a once-punctured torus bundle besides the
fiber, so S = F , and the first part of the statement is established.
Now, in exactly the same way as obtaining Theorem 5 from Theorem 3 in [6], we have
that if a crossing disk intersects a fiber surface in an arc, and the result of the generalized
crossing change is another fiber bundle, then one of the two cases in the statement of the
lemma occurs, or the arc is clean and non-alternating. However, Lemma 4.1 excludes
the latter possibility.
Hence, it suffices to look at clean or once-unclean (and alternating) arcs. In other words,
non-classical generalized crossing changes (resp., classical crossing changes) between
GOF-knots must occur at α-loops for arcs α that are clean and alternating (resp.,
once-unclean and alternating). Lemma 5.2, then, provides a corollary to Theorem 5.1.
Corollary 5.3 (1) Every GOF-knot with a non-classical generalized crossing change
resulting in another GOF-knot is in L(n, 1) for some n ∈ Z.
(2) Every GOF-knot with a classical crossing change resulting in another GOF-knot
is in L(2, 1) # L(n, 1) for some n ∈ Z, L(4,±1), or a prism manifold.
Since a (generalized) crossing change taking one GOF-knot to another must be around
a crossing circle bounding a disk that intersects the fiber in an arc, the crossing change
is a Dehn surgery along the curve formed by the union of the arc and its image. Then,
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Proposition 1.4 of [19] describes the way that the monodromy must change when the
crossing change is performed. Combining this with Lemma 4.4, we have the following.
Theorem 1.4 Any order q generalized crossing change between distinct GOF-knots
is equivalent to one of the following for some integer n, see Figure 2.
(1) q = ±2, a generalized crossing change between GOF(0; n, 1) and GOF(0; n,−1),
(2) q = ±1, a (classical) crossing change between GOF(0; n, 2) and GOF(0; n,−2),
(3) q = ±1, a (classical) crossing change between GOF(1; n−2) and GOF(−1; n+
2).
Proof The three curves r , s, and t obtained by resolving the intersections of µ∪ h(µ)
are precisely the three curves used in [19] to describe the effect of the Dehn surgery on
the monodromy.
In the first case of Lemma 4.4, we have t is trivial, and r = s = cδ , so the monodromy
changes by post-composition with D±4δ . As µ will be right-veering with a negative
crossing (respectively, left-veering with a positive crossing) precisely when the mon-
odromy is of the form D2δ ◦ Dmµ (respectively, D−2δ ◦ Dmµ ), the result of the crossing
change is D−4δ ◦ D2δ ◦ Dmµ = D−2δ ◦ Dmµ (respectively, D4δ ◦ D−2δ ◦ Dmµ = D2δ ◦ Dmµ ).
In the second case of Lemma 4.4, note that t is boundary parallel, and r = s is
actually cµ , so the monodromy changes by post-composition with D∓4µ ◦ D±1∂ =
D∓4µ ◦ ((D∂)1/2)±2 . By investigating all of the monodromies from Table 2, one finds the
only once-unclean arc that is right-veering with a positive crossing (respectively, left-
veering with a negative crossing) to be α in the monodromy (D∂)1/2◦Dmα (respectively,
(D∂)−1/2 ◦Dmα ), so the result of the crossing change is D4α ◦ (D∂)−1 ◦ (D∂)1/2 ◦Dmα =
(D∂)−1/2 ◦ Dm+4α (respectively, D−4α ◦ (D∂) ◦ (D∂)−1/2 ◦ Dmα = (D∂)1/2 ◦ Dm−4α ).
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Appendix
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−2−m− 2−2
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−→ −→
↓
←−←−
Figure 13: The 3-manifold in which the GOF-knot G(1; m) sits: The result of a surgery along
the (2, 4)-torus link with surgery coefficient 0 and −m is homeomorphic to the Seifert fibered
space with Seifert invariants (−1; (2, 1), (2, 1), (m + 2, 1)). Compare with Figure 2 in [5].
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GOF(−1; 1)
GOF(0;−4,−1)
0−1
4
4
4
−→
↓
−→
Figure 14: The GOF-knots GOF(−1; 1) and GOF(0;−4,−1) in L(4, 1) are equivalent. Com-
pare with Figure 4.
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GOF(1;−2)
GOF(0;−2,−2)
0−2 2−2
2
−2
2−2
22 −2 −2
−→
↓
←−
↓
←−
Figure 15: The GOF-knots GOF(1;−2) and GOF(0;−2−2) in L(2, 1) # L(2, 1) are equivalent:
The fifth diagram in Figure 12 is used for representing GOF(1;−2). Compare with Figure 5.
